In this paper we show that given any compact set E ⊂Ĉ, we can always find a conformally removable subset with the same Hausdorff dimension as E.
Introduction
We begin with defining conformal removability. Recall that a function between planar domains is conformal if it is holomorphic and invertible. LetĈ denote the Riemann Sphere. Note that E is removable if and only if all homeomorphisms ofĈ that are conformal off of E are actually Möbius transformations since these are precisely the conformal homeomorphisms of the Riemann sphere. See [7] for a discussion of notions of removability for other classes of mappings, including removability for conformal maps that are not necessarily homeomorphisms ofĈ.
The simplest example of a conformally removable set is a finite collection of points. Finite collections of points have zero measure, and in fact all conformally removable sets must have zero measure (see the remark after Proposition 4.4 in [7] ). However, it is possible to construct conformally removable sets that are large in the sense of Hausdorff dimension. Indeed, it is well known that conformally removable sets of any Hausdorff dimension in the interval [0, 2] exist. We will give an explicit construction of such sets and use them to prove the following theorem: 
John Domains
In this section we construct conformally removable Cantor sets of any desired Hausdorff dimension in the open interval (0, 2). We start by recalling the definition of a John domain and a theorem by Peter Jones giving a sufficient condition for conformal removability. 
where d is the chordal distance. We show that certain self similar Cantor sets in the plane are boundaries of John domains and hence are conformally removable. Given 0 < α < 1 2 , let C α be the following Cantor set. Let A 0 = I × I be the unit square. Given a collection of squares A n of side-length α n , form A n+1 by replacing each square by four congruent subsquares of side length α n+1 as shown in Figure 1 . Define
where H d is the d-dimensional Hausdorff measure. Proof. This follows from Theorem 4.2 in [1] . We also give a brief sketch of a direct proof here. We can let z 0 = ∞. All points z 1 outside the unit square trivially satisfy (2.1). For points z 1 inside the unit square it suffices to construct paths satisfying (2.1) from base-points on the boundary of a larger square concentric to the unit square, which can then easily be connected to z 0 . Note that due to the equivalence of the chordal and Euclidean metrics in any bounded region, we can now replace the chordal distances in condition (2.1) with Euclidean distances.
Let Q ⊂ A n be an nth generational square in the construction of C α with width α n . Let γ Q be the boundary of the concentric square of width α n + α n−1 (1−2α) 2 (this extra bit is half of the distance between Q and its neighboring squares). Let R Q denote the closed region between γ Q and the four curves γ P i contained inside Q that correspond to the four children squares P i of Q. R Q has the property that any point inside it has distance comparable to α n from C α (more explicitly, this distance is greater than α n (1−2α) 2 ) and can be connected to γ Q by a curve in R Q of length comparable to α n . Using induction and the geometric formula, we can connect any point in R Q to a point on γ I×I by a path satisfying the John condition. Every point in (I × I) \ C α belongs to some R Q , so we are done.
Proof. This follows immediately from Theorem 2.2.
The sets C α give us conformally removable sets of all Hausdorff dimensions in (0, 2). A point is an example of a conformally removable set with Hausdorff dimension zero. An example of a conformally removable set of Hausdorff dimension two will be given by Theorem 1.2 in the case where dim H E = 2.
Dimensions of Intersections
We are interested in proving that every planar compact set E contains a removable subset E of the same Hausdorff dimension as itself. We have already constructed conformally removable Cantor sets of arbitrary Hausdorff dimensions in (0, 2). To construct E we will position these sets in such a way that their intersection with E still has large Hausdorff dimension.
When two manifolds M k and N l intersect transversally in an ndimensional ambient space, we know that their intersection is a submanifold with dimension k + l − n. The following theorem by Mattila gives an analogous formula for the Hausdorff dimension of the intersection of two fractals.
Let A, B ⊂ R n be Borel sets. We want to know what can be said about the intersection of A with the images of B under different isometries. More formally, let G be the group of isometries. Every transformation σ ∈ G can be decomposed into a translation followed by an orthogonal transformation. Let τ z denote the translation by z ∈ R n , and let g ∈ O(n) be the orthogonal transformation, where O(n) is the n-dimensional orthogonal group. The space of translations is just R n and can be given the standard Lebesgue measure L n . O(n) is a compact group and we will denote its Haar probability measure by Θ n . Recall that H α denotes the α−dimensional Hausdorff measure. 
Remark. An earlier version of this paper used Theorem 8.3 of [4] (8.2 in earlier editions), which is similar to Theorem 3.1 except that it omits the hypothesis of positive Hausdorff measure on A and B. However, it turns out that this result is incorrect; a counterexample is given in [3] , which also corrects an application of the result to Falconer's distance set problem for polygonal norms.
Proof of Theorem
The following proposition demonstrates that the property of being conformally removable is a local one. Given a compact set E, we will use this proposition to construct the desired subset E . We are now ready to begin proving our main theorem. 
Proof. There exists some point p ∈ E such that for all ε,
If not, then every point in E would be contained in an open subset of E with dimension strictly less than d. Since E is compact, we can take a finite subcover of these sets, and it would follow that the dimension of E is strictly less than d, which is a contradiction. Let S 1 be any open square centered at p. Suppose we have already been given an open square S n centered at p. By the choice of p,
By Frostman's lemma (See [6] , Theorem 2.7 or [2], Lemma 3.1.1 for the statement and proof of this lemma), there is a Frostman measure µ with support in S n ∩E such that µ(B(x, r)) ≤ r dn . Since a Frostman measure cannot assign positive measure to the single point p, there must exist some open square S n+1 ⊂ S n centered at p such that µ(S n \S n+1 ) > 0. Then the annulus R n = S n \S n+1 satisfies H dn (R n ∩ E) > 0.
For the convenience of the reader, we restate the main theorem, Theorem 1.2 Theorem 4.3 (Main Theorem). Given an arbitrary compact set E ⊂ C, there exists a compact set E ⊂ E that is conformally removable such that dim H E = dim H E.
Proof. We can assume E ⊂ C since if E is the whole sphere then we can just replace E by any compact subset lying in C with Hausdorff dimension 2. Let d = dim H E. If d = 0 then we can choose E to be any point in E, and we are done since a single point is conformally removable and has Hausdorff dimension zero. Otherwise, choose a positive sequence d n that is strictly increasing to d, and construct a sequence of annuli R n as in Lemma 4.2 with center p ∈ E. Denote the width of R n by q n . Our goal is to place a conformally removable Cantor set in every other annulus so that the copies do not overlap, and so that they intersect E with increasing dimension. Let b n be a sequence such that 2 − d n < b n < 2, b n > 3 2 , and such that b n → 2. For each n ∈ N, let G 2n be a conformally removable Cantor set with Hausdorff dimension b 2n as constructed in Section 2, re-scaled so that its diameter is smaller than the minimum of q 2n+1 2 and q 2n−1 2 . We have by construction that (4.4)
We also have that
by Proposition 2.3. Finally, we have that d 2n + b 2n > 2, and that b 2n > 3 2 . Therefore, by Theorem 3.1, there exists some z ∈ R 2 and some g ∈ O(2) such that
Denote (τ z • g)(G 2n ) by G 2n (See Figure 2) . The set G 2n must overlap with the annulus R 2n , and its diameter is smaller than half the width of either of the two neighboring odd-numbered annuli. Therefore, it will not overlap with G 2m for any m = n. Let
G is clearly compact. Suppose that we are given a homeomorphism f :Ĉ →Ĉ that is conformal onĈ\G. By construction, we can find disjoint neighborhoods U n around each G 2n . Then f is conformal on U n \G 2n , and it follows from Proposition 4.1 and the fact that G 2n is conformally removable that f is actually conformal on U n . Therefore, we have shown that f is in fact conformal everywhere on G with the p E Figure 2 . Annuli centered at p ∈ E with the sets G 2n placed in every other annulus and overlapping E possible exception of the point p. But a single point is conformally removable, and therefore G is conformally removable.
Let E = G ∩ E. It follows directly from the definition of conformal removability that a compact subset of a conformally removable set is also conformally removable. Therefore, E ⊂ G is conformally removable. It follows from (4.6) that (4.8) dim H E ≥ d 2n + b 2n − 2 for all n. Since Since E ⊂ E, we conclude that dim H E = dim H E as desired.
